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REPRESENTATIONS OF THE DOUBLE BURNSIDE ALGEBRA AND 
COHOMOLOGY OF THE EXTRASPECIAL p-GROUP H 

AKIHIKO HIDA AND NOBUAKI YAGITA 


Abstract. Let E be the extraspecial p-group of order and exponent p where p is 
an odd prime. We determine the mod p cohomology iL*(Y, Fp) of a summand X in the 
stable splitting of p-completed classifying space BE. In the previous paper [Represen¬ 
tations of the double Burnside algebra and cohomology of the extraspecial p-group, J. 
Algebra 409 (2014) 265-319], we determined these cohomology modulo nilpotence. In 
this paper, we consider the whole part of the cohomology. Moreover, we consider the 
stable splittings of BG for some finite groups with Sylow p-subgroup E related with the 
three dimensional linear group L^{p). 


1. Introduction 

Let p be an odd prime and E = the extraspecial p-gronp of order p^ and exponent 
p. In the previons paper [7j, we determined the composition factor of H*{E) = (Fp (g) 
H*{E, T,))/ lAo) as a right Ap{E, E)-modnle, where Ap{E, E) is a donble Bnrnside algebra 
of E over Fp = Z/pZ. In this paper, we consider the whole part of the cohomology 
R*(E,Fp) and determine the composition factor of R*(E,Fp) as an Ap(E, E)-modnle. 

The mod p cohomology ring H*{E, Fp) of E is completely known by [9], bnt the strnc- 
tnre is very complicated. We shall stndy H*{E,¥p) throngh the integral cohomology 
ring H*{E,1i) as in [13] and [H]. Let (resp. H°^^{E,Z)) be the even (resp. 

odd) degree part of E[*{E,Z). Let N = '^/(^ in Fp (g) Z). Then we have that 

Fp (g) Z)/A = H*{E). On the other hand, the Milnor operator Qi indnces an 

isomorphism E[°‘^‘^{E,Z) = {piv, y 2 v)H*(E) where {yiV,y 2 v)H*{E) is the ideal of H*{E) 
generated by yiV,y 2 V G iL^^+^(E) (see the hrst part of section 2). 

Let M = 0M"' and L = 0L"' be graded Ap{E, E)-modnles snch that M"^ and L” are 
finite dimensional for every n. We write as M o L if and have same compo¬ 
sition factors (with same mnltiplicity), that is, [M^] = [L"‘] in the Grothendieck gronp 
Ko{Ap{E,E)). 

Using this notation, the structure of H*{E,¥p) can be stated as follows. 

Theorem 1.1. (1) As Ap{E, E)-modules, 

H^^^^E,¥p) ^ H*{E)®N(B{yiv,y2v)H*{E)[-2p]. 

(2) As Ap{E,E)-modules, 

H'^<^\E,¥p) ^ {yiv,y2v)H*{E)[-2p + l] 0 (A 0 R+(E))[-1]. 

Here, for a graded Fp-subspace M of H*{E), we denote by M[i] the graded vector 
space with Since the composition factors of N and {yiv,y 2 v)H*{E) are 

determined in Proposition 13.11 and Theorem 13.51 we can get the composition factors of 
H*{E,¥p) completely. 
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The indecomposable summands in the complete stable splitting of the p-completed 
classifying space BE^ correspond to primitive idempotents in Ap{E,E). Moreover they 
corresponds to simple ii^)-modules. We simply write BE for BE^. Let X be a 

summand in BE which corresponds to a simple Ap{E, i?)-module S. Then the multiplicity 
of X in BE is equal to the dimension of S as an Fp-vector space since ¥p is a splitting 
field for Ap{E,E). By results above, we can get the cohomology H*{X,¥p) (See Remark 
I3.6p . 

Let G be a finite group with Sylow p-subgroup E. Then the multiplicity of X in BG 
is equal to the dimension of ^[G] where [G] is an element of Ap{E, E) corresponds to the 
{E,E)-hiset G. See [T], [2], [TT] for details. 

In [15], the second author studied the splitting of BG for various finite groups G whose 
Sylow p-subgroup is E and p-local finite groups on E. In this paper, we consider the 
stable splitting for groups related with the linear group L^lp) which were not treated in 
[15] in general. We use some simple T^)-submodules of H*{E) and determine the 

multiplicity of summands in BG for G = L^ip), L^{p) '■ 2, L^^p).^, (Theorem 

KT7\KmKmKm . 

Combining these results and results in [TS], we have the complete information on the 
stable splitting of hnite groups or p-local hnite groups which have at least two X-radical 
maximal elementary abelian p-subgroups in E, by the classihcation in [12], where X is a 
fusion system of G. 

In particular, for p = 7, we obtain a diagram which describes inclusions of some fusion 
systems and stable splitting fTheorem I4.23p . This result supplements the results of [TS] 
section 9], in which the splitting of sporadic simple groups are mainly studied. 

In section 2, we review the main results of [7] which will be used in section 3. In section 
3, we prove Theorem 11.11 and determine the structures of ideals N and {yiV,y 2 v)H*{E). 
In section 4, we consider H*{G) and the stable splitting for finite group G which has a 
Sylow p-subgroup E. Finally, in section 5, we consider the case p = 3 and state some 
remarks. 


2. Preliminary results on H*{E) 

In this section, we quote some results from [7]. Let p be an odd prime. Let 

X = (a, 6, c I [a, b] = c, aF = IP = d’ = [a, c] = [6, c] = 1) 

be the extraspecial p-group of order p^ and exponent p. Let Ai = (c, aX) for 0 < i < p — 1 
and Aoo = (c, 6). Then 

A{E) = {v4o) Ai ^..., v4p-i, ^oo} 
is the set of all maximal elementary abelian p-subgroups of E. 

The cohomology of E is known by [8], [9], [15]. In particular, H*{E) = (Fp C) 
X*(X, Z))/a/( 0) is generated by 

Vu 2/2, G, V 

with 

deg Pi = 2, degG = 2p — 2, degn = 2p 
subject to the following relations: 

= 0, Cm = yf, + yf'^ - af-'j/y'. 

We set V = and 17 = pf~^. 
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Let Rhe a. subalgebra of H*[E) and Xi, ... ,Xr elements of H*{E). We set 

r 

R{xi, . . . , Xr} = RXi 
i=l 

if a:i,... ,Xr are linearly independent over R. Moreover, if W = ^ Fp-vector 

space spanned by a:i,..., t,., then we set 

R{W} = -R{xi,..., Xr}. 

We consider the action of Out{E) = GL 2 (Fp) on H*[E). Let S'* be the homogeneous 
part of degree 2i in Fp[j/i, 7 / 2 ] • Then p{p — 1) simple Fp Out (i?)-modules 

S*u^ ^ S* ® (det)”^ (0<i<p — l,0<g<p — 2) 

give the complete set of representatives of nonisomorphic simple Fp Out(i?)-modules. Let 
us write 

CA = Fp[C', 1/] 

and 

DA = Fp[Z)i, D‘2\ 

where Di = + V, D 2 = CV. Then CA = H *the Out(A)-invariants, and the 

restriction map induces an isomorphism 

DA ^ 

for all A G A{E). 

Let 

T" = ¥p{y{~^y2, y{~^y2~^\ ..., y\y2~^} 

for 1 < i < p — 2. Then S^“^+* = OS* + T*. The Fp-subspace OS* is a GL 2 (Fp)-submodule 
of OS* + T* and 

(OS* + T*)/OS* ^ (S^*-^-* (g) det*). 

Moreover we have the following expression [3, Theorem 4.4]: 

p—1 p—2 

H'(E) = IF,[C,!.|{(0S‘) © (0r)} = CA{00(S‘!.’ffiTV))} 

i=l 2=0 g=0 

where S° = Fp and T° = S^“L 

Let Op be a cyclic group of order p and let Ui = Fp) (0 < i < p —2). Then Ui are 

simple Fp Out(Op)-modules. Let A G A{E) be a maximal elementary abelian p-subgroup 
of E. Let S(A)* = iS^*(A). Then S(A)* 0 def^ (0<i<p — 1, 0<g<p — 2) are simple 
modules for Out (A) = GL 2 (Fp). 

Let P be a general hnite p-group and Ap{P, P) the double Burnside algebra of P over 
Fp. The simple Ap(P, P)-modules corresponds to some pairs {Q,V) where Q < P and 
1/ is a simple Fp Out(Q)-module, see [2], [1], [11]. In this paper, we denote the simple 
Ap{P, P)-module corresponds to the pair {Q, V) by S(P, Q, V). 

On the other hand, Dietz and Pridy [5] studied the stable splitting of BE and deter¬ 
mined the multiplicity of each summand. In particular, their result implies the classihca- 
tion of simple Ap{E, P)-modules. 
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Proposition 2.1 (|5], |71 Proposition 10.1]). The simple Ap{E, E)-modules are given as 
follows: 

(1) S{E, E, S'* (g) det'^) for 0<i<p — l,0<q<p — 2, 

dim S'(ii^, E, S'* (g) det*^) = i + 1. 

(2) S{E, A, S(A)P-^ 0 det") forO <g <p-2, 

dim S(E, A, S(A)P-^ 0 det'') = p + 1. 


(3) S(E, Cp, Ui) for 0 < i < p - 2, 


dim S{E, Cp, Ui) 


p + 1 (^ = 0) 

i + 1 (1 < i < p — 2). 


(4) ^(.E,l,Fp), dimS{E,l,¥p) = 1. 


To describe the composition factor of H*{E) as an -module, we need the 

following Fp-subspace of H*{E). 


Definition 2.2. Let S be a simple Ap{E, E)-module. Let Ts he the following ¥p-subspace 
of H*{E): 

(1) If S = S{E,Cp,Ui), then 

/ Fp[C]{FpC + SP-i} (z = 0) 

\ Fp[17]{^*} (l<^<p-2). 

(2) IfS = S{E, A, S(gl)P-i 0 det^), then 


f DA{©o<,<p_iD2C'^(FpC' + SP-^))} (q = 0) 

DA{©o<j<p_in'^C'-^(CS''^ + T'^)} (1 < <? < P — 2). 


'DA+ (S = S(E,E,S°)) 

CA{n'?} (S = S(E, E, det'^), 1 < g < p - 2) 
DA{l/AP-i} (S = S{E, E, SP-^) 

^CA{n^SP-i} (S = S{E, E, Sp-^ 0 det'?), 1 < g < p - 2) 


(4) Let 


S = S^v\ T = TP-^-^v^ 

for l<i<p — 2, 0<g<p — 2, where s = i + q (mod p — l),0<s<p 
r5(E,E,si(g)det9) the following ¥p-subspace: 


- 2 . 


Let 


CA{1/S} © DA{1/T} (g = 2i = 0) 

CA{1/A} © CA{T} (g = 0, 2i ^ 0) 

BA{S} © DA{1/T} (i = g, 3i = 0) 

BA{S} © CA{T} {i = q, 3z ^ 0) 

CA{A} © DA{1/T} (g ^ 0, i ^ q, q + 2i = 0) 

CA{S'} © CA{T} (g 7 ^ 0, i ^ q, g + 2z^0). 


( 5 ) 


rs(s,i,F,) = Fp = H\E). 
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The following theorem is the main result of [7]. If S' is a simple Ap{E, ii^)-module, then 
there exists an idempotent es such that Ses = S and S'es = 0 for any simple module 
S' ^ S. We call es an idempotent which corresponds to S. 

Theorem 2.3 ([71 Theorem 10.2, 10.3, 10.4, 10.5]). Let S be a simple Ap{E, E)-module. 
Then there exists an idempotent es which corresponds to S such that 

H*{E)es = Tses = Ts. 

If we see the minimal degree of non zero part of T5, we have the following corollary. 

Corollary 2.4. Every simple Ap{E, E)-module appears as a composition factor in H‘^"'{E) 
for some n < {p + 2){p — 1). 

Let Tg = r5 n H'^{E) be the degree n part of T5. Then by Theorem 12.31 

^dimT” = dim H'^iE) 

s 

for any n > 0. In fact we have the following. 


Proposition 2.5. H*{E) is a direct sum of Fp-subspaces T^ where S runs over the rep¬ 
resentatives of the isomorphism classes of simple Ap{E, E)-modules. 


Proof. By Theorem 12.31 it suffices to show that H*{E) = We shall show that 

CAjSffi^} (0<i<p — 1, 0<g<p — 2) and CAjTffi'^} {I < i < p — 2, 0 < q < p — 2) 
are contained in X] ^5. 

First consider CA{S*n'?}. If {i,q) = (0,0), 

CA = F[C,Zli] = F[Zli]©CA{C} 

= FlDijeFlCjiCjeCAjDa} 

p-i 

= F[Zli] © ¥[C]{C} © ^ BA{D2C^+^} © BA{D2} 

j=0 


p-i 

= DA©F[C']{C'}©^DA{Zl2C'^'+^} 

1=0 


and this is contained in the sum of the subspaces of Definition 122] (1) (2) (3) (5). If {i, q) = 
(0, g), 1 < g < p — 2, or (i, g) = (p — 1, g), 1 < g < p — 2, then CAn^ and CAS^“^n'^ are 
contained in the subspace of Definition 12.21 (3). If (i, g) = (p — 1, 0), then 


CA = F[C']©CA{I/} 

= ¥[C] © DA{I/} © DA{D2, D 2 C ,..., D2Cp-^} 

and we have 

CA{SP-^} = Fp[C]{S?’-^} © DA{I/S^’-^} © (©^Z^DA{D2C^S^’-^}). 

This is contained in the sum of subspaces of Definition 12.21 (1)(2)(3). 

Consider (i, g) (1 < i < p — 2, 0 < g < p — 2). If g = 0, then 

CA{S'} = FplCji^*} © CA{I/^*} 

and this is contained in the sum of subspaces of Definition 12.21 (1)(4). If 1 = g, then 
CA{^*n*} = DA{^V*} © (©^ZoDA{C^+^5V*}) 
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and this is contained in the sum of the subspaces of Dehnition 12.21 (2)(4). If g 7 ^ 0 and 
i ^ q, then CA{S'*n'^} is contained in the subspace of Dehnition 12.21 (4). 

Next, consider {1 < k < p — 2, 0 < m < p — 2). Let i=p — k — 1, q = 

m + k mod (p — 1), 0 < g < p — 2, s = m. Then 

_ rpp-i-l^s 

where l<i<p — 2 , 0 <g<p — 2 , s = i + g mod (p — 1 ) and 

q + 2i = m + k + 2{p — k — 1) = m — k mod (p — 1 ). 

If /c 7 ^ m, then g + 2z ^ 0 and CA{T^n™'} is contained in the subspace of Dehnition 12.21 
(4). If fc = m, then g + 2z = 0 and 

CA{T^n™} = DA{©^ZoT^C'^n”^} © DAjTVn'"} 

since CA = DA{1, C,..., D}. This is contained in the sum of the subspaces of 

Dehnition 12.21 (2)(4]. □ 


3. Composition factors of H*{E,¥p) 


In this section, we study the y4p(A, A)-module structure of H*{E,¥p). First, we shall 
prove Theorem ll.li The even degree part H'^'’^"'{E,7j) of integral cohomology ring is 
generated by 

Vi, 1/2, b2,..., bp_2, C, V 


with 


deg Pi = 2, degfci = 2i 


subject to the following relations: 


ppi = pbj = pC = 0, p^v = 0, 

yivl - yly2 = o, 

yibk = bkbj = Cbj = 0, 
yiC = yf, - y\~^yl~^ 

by [in] or [HI Theorem 3] (see [13] also). In particular, Z)) = 0 for any n > 0. 

On the other hand, the odd degree part of integral cohomology ring H°‘^‘^(E, Z) is 
annihilate by p and so it is considered as an Fp[pi, p 2 , n]-module. As an Fp[pi,p 2 ,n]- 
module, iL°'^'^(A,Z) is generated by two elements Oi and 02 with dega* = 3 subject to the 
following relations: 

Pia2 - P2ai = 0, pj’a2 - pfoi = 0. 

Let H*{E,X) —y H*{E,¥p) be the natural map induced by Z —> Fp. We use the 
same letters for the images of Pi, bj, C, v in H*{E, Fp). Then 


N = Fp[n]{ 62 , • • •, bp- 2 } = Vo 


in 

H^ven^E^ Z)/pH^^^^{E, Z) = Fp Z). 

Since 

H*{E) = (Fp ©z H*{E,Z))/V0 = (Fp ©z Z))/iV, 

there is a short exact sequence of Ap{E, A)-modules, 

(3.1) 0 — > N — ^ Z)/pH^^^^{E, Z) — ^ H*{E) —^ 0. 
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On the other hand, since = 0, there is a short exact sequence of Ap{E,E)- 

modules, 

(3.2) 0 —^ ^ H^^^^{E,¥p) —^ H^^{E,Z)[-1] 0. 

Let {yiv,y 2 v)E[^'"'^'^{E,Z) (resp. {yiv,y 2 v)H*{E)) be the ideal of (resp. 

H*{E)) generated by yiv and y 2 V. Since pyi = 0 and yiN = 0, it follows that 

{y^v,y2v)H^^^^{E,Z) - {y,v,y2v)H*{E). 

Here we use Milnor’s primitive operator Qi = P^f3 — /3P^ on H*{—, Fp). This operator 
induces a map Qi on if*(—,Z) such that the following diagram commutes: 

H°‘^‘^{E,¥p) H^^^'^{E,¥p). 

Moreover, Qi induces an isomorphism of Ap{E, P)-modules, 

Qi : H°^\E,Z) ^ {y,v,y2v)H^^^-{E,Z) ^ {y,v,y2v)H*{E) 

Qi{ai) = yiV, 

(see na section 1]). Then we have 

(3.3) H°^\E,Z) - {y^v,y2v)H*{E)[-2p+l] 

and the proof of the hrst part of Theorem II.II is completed by the exact sequences (3.1) 
and (3.2). 

Next we consider the odd degree part H°'^‘^{E, Fp). Let K = {x E iL®’'®"'(P, Z) \px = 0}. 
Then there exists a short exact sequence of Ap{E, P)-modules, 

(3.4) 0 —^ Z) —^ Fp) —^ K[-l] —^ 0. 

Let H = H^'^^^{E,Z) fl H^{E,Z). Since p^H = 0, pH C K. Moreover, K, pH and H/K 
are Ap{E, P)-modules. 

Since the map p : H —)■ if is a homomorphism of Ai{E, P)-modules, 

H/K ^ pH 

as Hz(P, T')-modules. Since these are modules for Ap{E,E) = A^iE, E)/pA'z{E, E), 
these are isomorphic as Ap{E, P)-modules. Hence we have 

K EE pH® K/pH EE H/K © K/pH EE H/pH. 

Moreover, since 

H/pH = ¥p®H EE N ® P+(P), 

the proof of the second part of Theorem II.II is completed by (3.3) and (3.4). 

Next we shall see the structure of N. Note that res® (6') = 0 for any i and any maximal 
elementary abelian p-subgroup A of E. Since the action of p G GL 2 (Fp) is given by 

g*{hi) = dEi{g)%, g*{v) = det(5()n 

(see [H Theorem 3]), iV is a direct sum of simple Ap{E, P)-modules isomorphic to S{E, E, det*) 
for 0 < i < p — 2. Hence we have the following: 
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Proposition 3.1. Let 

Nq = ¥p{v'^b[ \ k > 0, k + i = q mod (p — 1)} 
for 0 < q < p — 2. Then 

N= 0 N, 

0<q<p-2 

and 

Nq = ^S{E,E,deT^) 

as Ap{E, E)-modules. 

Next, we shall consider the structure of the ideal {yiv, y 2 v)H*{E). Let / = {yiv, y 2 v)H*{E). 
Let r 5 be the Fp-subspace dehned in Dehnition 12.21 for each simple y4p(i?, i?)-module S. 

We shall show that 

Ies = in Ts 

for an idempotent es which corresponds to S and determine the Fp-subspace I HTs 
explicitly. 

Lemma 3.2. Let 

L = Fp[|/i, y 2 , C] © Fp[l/]{n,..., Cv,..., Cv^-^] © ¥p[Di]{D,} © ¥p[Di]{D 2 } 

where ¥p[yi,y 2 ,C] is the subalgebra of H*{E) generated by yi,y 2 and C. Then 

H*{E) =/©L. 

Proof. Let {yi,y 2 ,C) be the ideal of H*{E) generated by yi,y 2 and C. Since 

D, = CP + V = Vmod ( 2 / 1 , 1 / 2 , C), 

we have 


H*{E) = ¥p[v](B{yi,y 2 ,C) 

= Fp © Fp[P]{i;,..., vP-^} © F[P]{P} © (2/1,2/2, C) 

= Fp © Fp[l/]{n,..., vP-^} © F[Zli]{Zli} © (2/1,2/2, C^)- 
On the other hand, since 

D2D1 = CV{CP + V)= D2V mod J, 

it follows that 


IFp© ( 2 /i, 2 / 2 ,C') 

= Fp[2/i,2/2,C'] / 

= Fp[2/i, 2/2, 0 ] © ¥p[V]{Cv,..., Cv^-^} © ¥p[V]{CV} © / 

= Fp[2/i, 2/2, C-] © FpiPjlOn,..., CvP-^ © ¥p[D,]{D2} © / 
and we have H*{E) = / © L. □ 

Lemma 3.3. For each simple Ap{E, E)-module S, we have 

= {Inrs) (B {L nrs) 
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where I = {yiV,y 2 v)H*{E) and L is an Fp-subspace defined in Lemma l37^ Moreover, 

(1) IfS = S{E, Cp, Ui), then / n = 0. 

( 2 ) If S = sIe, a, (g) det'^), then 

r^-r _r - I »^{© 0 <,<p-i + 5^'-^)} (g = 0) 


(3) 


'DA{A) 2 } 

CA{CV} 

DA{1/^P-i} 


(S = S(E,E,S^)) 

(S = S(E, E, det"), l<q<p-2) 

{S = S{E,E,SP-^)) 

{S = S{E, E, SP-^ 0 det'^), l<q<p-2) 


(4) Let 


S = T = TP-^-h^ 

for l<i<p — 2, 0<q<p — 2, where s = i + q (mod p — l),0<s<p 
/ n r 5 (p; E 5i0det9) is the following Wp-subspace: 


- 2 . 


Then 


CA{1/A} © DA{1/T} 
CA{yA} © CA{T} 
DA{^} © DA{1/T} 

DA{A} © CA{T} 
DA{^} © CA{1/T} 

CA{5} © DA{1/T} 

CA{^} © CA{T} 

CA{^} © CA{4^T} 


{q = 2i = 0 ) 

(g = 0, 2* ^ 0) 

{i = q, 3i = 0) 

{i = q, 3i ^ 0 , 2i ^ 0 ) 

(i = q, 3i ^ 0, 2i = 0) 

(g ^ 0, i^q, q + 2i = 0) 

(g ^ 0, iylq, q + 2i^0, i + q ^ 0) 

(g ^ 0, iylq, q + 2i^0, i + q = 0). 


(5) / n r 5 (i_i^]pj^) — 0. 


Proof. (1) If S' = S{E, Cp, Ui) {0 < i < p — 2), then / fl = 0 and F^ C L by Definition 

(2) If ^ = S{E, A, SP-^ 0 det'^) (0 < g < p - 2), then Fg C / since DaC = C^V E I. 

(3) If ^ = S{E, E, AO), then Ts = DA+, 

DA+ = BA{Dl} © Fp[Di]{Di, Da}. 

Since DA{D|} C / and Fp[Di]{Di, Da} C L, we have 

DA+ = (J n Fs) © (L n Fs) 

and I nTs = DA{D|}. 

If A = A(D, E, def^) (1 < g < p — 2), then F^ = CAji;'?}, 

CAIn"} = CA{DV} © ¥p[V]{vfi Cv^. 

Since C'^v^ E I and ¥p\y]{v‘^,Cv^} C L, it follows that 

CAK} = (/nF5)©(FnF5) 

and JnFs = CA{DV}. 

If A = A(D, E, SP-^), then Ts = DA{I/Ap-^}. If A = A(D, E, Sp-^ ® det") (1 < g < 
p — 2), F 5 = CA{t'^A^“^}. In these cases, F 5 C /. 

(4) Let A = A©'^ (l<f<p — 2, 0<g<p — 2). Ifg = 0 then SV C /. If g 7 ^ 0 then 
S G I. Hence the first term of F 5 is contained in I. 
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Let T = s = i + q mod (p — 1), 0 < s < p — 2. If s = 0, then VT C I. If 

i + q ^ 0, then T G I. Hence the second term of is contained in I nnless i = q, 3i ^ 
0, = 0, or g 7 ^ 0, i ^ q, q + 2i ^ 0, i + q = 0. In these cases, 

CA{T} = ¥p[C]{T} © CA{I/T} 

where CA{I/T} C /, Fp[C']{T} C L. Hence 

CA{T} = CA{T} n J © Fp[C']{T} n I 

and CA{T} n / = CA{HT}. □ 


Lemma 3.4. Let I = {yiv,y 2 v)H*{E). Then 

/ = 0(/nrs). 

S 


Proof. First, H*{E) = © 5 !^ 
hand. 


by Lemma I3.3[ Hence 


= / © L by Proposition 12.51 and Lemma 13.2[ On the other 
hs = (-^ n Fg) © (L n Fg) 


H*{E) = ©F 5 = ©((/nFs)©(LnF 5 )) 

= (©(/nF 5 ))©(©(LnFs)) c/©L = i/*(A). 


Hence we have 

/ = 0(/nrs). 

5 

□ 


Now, we determine the Fp-vector space les for any simple y4p(A, A)-modnIe S. 

Theorem 3.5. Let S be a simple Ap{E, E)-module. Then there exists an idempotent es 
corresponding to S such that 

Ies = ilnTs)es^lnTs. 

Proof. By Theorem 12.31 F 5 = F sCs for some idempotent corresponding to S. Hence es 
induces an isomorphism 

/nF5 = (/nF5)e5. 

For a graded Fp-snbspace M C H*{E), let = H^{E) fl M. Then 

dim/" = dim(/")eg > dim(J" fl F s)es 
s s 

= ^dim/"nF5 = dim/". 
s 

The last eqnality follows from Lemma 13.41 Hence we have 


les = {I nF 5 )e 5 . 


□ 
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Remark 3.6. Let X be the indecomposable summand in the complete stable splitting of 
BE which corresponds to a simple Ap{E, ii^)-modules S. Let es be an idempotent which 
correspond to S as above. Then we can get the Fp-vector space 

d 

H*{E,¥p)es = H*{yX,¥p) = ^H*{X,¥p) 

where VX is a wedge sum of d = dim S copies of X, from Theorem 11.11 Proposition 13.11 
and Theorem 13.51 

Corollary 3.7. Every simple Ap{E, E)-module appears as a composition factor in E[^"'{E, Fp) 
for some n < p^ — 2. 

Proof Let H{p^ - 2) = ®P^SoH^^{E,¥p). For a simple Ap{E, E)-modn\e S, let 27 (^) 
be the lowest degree such that (T^ fl /)2i'(‘S') ^ jf 27 ( 5 ) < 2{p + 2){p — 1), then 
2 ( 7 ( 6 ') —p) < 2 (p^ — 2 ). Since S appears in the degree 2 ( 7 ( 6 *) —p) part of I[—2p], it follows 
that S appears in by Theorem 11.11 Hence S appears in iL(p^ — 2). In 

particular, if T^ < /, then S appears in H{p‘^ — 2) by Corollary 12.41 This implies that 
simple modules 

S{E, A, S(A)P-^ (g> det^)(0 <q<p-2), S{E, E, 0 det'')(0 < q < p - 2) 
appear in iL(p^ — 2). 

On the other hand, since the degrees of {I < q < p — 2) and VS\ 6'T'^, (1 < i < 

p — 2 , 0 <g<p — 2 ) are all smaller than deg 1126 '^”^ = 2 (p + 2 )(p — 1 ), we have that 
S{E, E, det*^), {I < q < p — 2) and S{E, E, 0 det*^), (l<i<p — 2, 0<g<p — 2) 
appear in iL(p^ — 2 ). 

Moreover, since S{E, Cp, Ui) (0 < i < p — 2) appears in H‘^{E) 0 • • • © it 

appears in El(jP — 2). Finally, we consider S{E,E,S^). Since it appears in H‘^p^p~^\E) 
and 2p(p — 1)(= deg Hi) < 2(p^ — 2), S{E, E, 6'°) appears in iL(p^ — 2). This completes 
the proof. □ 

4. Stable splitting oe groups related to L3(p) 

In this section, we consider the stable splitting of HG for groups G having H as a Sylow 
p-subgroup, in particular the linear group L 3 (p) and its extensions. 

Benson and Fechbach |2], Martino and Priddy m prove the following theorem on 
complete stable splitting. Let P be a finite p-group. If G is a finite group which contains 
P, then G is considered as an (P, P)-biset. We denote by [G] the element of Ap{E, E) 
corresponding to G. Let 6 '(P, Q, V) be the simple Ap{P, P)-module which corresponds to 
{Q, V) where Q is a subgroup of P and H is a simple Fp Out(P)-module. 

Theorem 4.1 ([2], [TT]L Let G he a finite group with Sylow p-subgroup P. The complete 
stable splitting of BG is given by 

BGr^ y dnn{S{G,Q,V))XsiP,Q,v) 

(Q,v) 

where P(G, Q, V) = S{P, Q, V) [G]. 

Let 

P*(G) = (Fp 0 P*(G,Z))/^ 

for a hnite group G. From Corollary 12.41 and Corollary 13.71 we have the following. 
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Corollary 4.2. Let Gi,G 2 have the same p-Sylow subgroup E. Suppose that Gi < G2. 

( 1 ) If 

dim H^^{Gi) = dimH^^{G2) 
for all 0 < n < {p + 2){p — 1), then BGi ~ BG 2 - 

(2) If 

dim H^^{Gi,¥p) = dimH^^{G2,¥p) 
for all d < n < p^ — 2, then BGi ~ BG 2 - 


In general, the computation of these dim S'(G, Q, V) is not so easy. Hence we study the 
way to compute it from the information on the cohomology H*{G). (In fact, in [I5], most 
direct summands in the stable splitting of BG are computed from H*{G).) 

Let Eg be the fusion system on E determined by G. Let J^^'^-rad be the set of Eq- 
radical maximal elementary abelian p-subgroups of E. If H is a maximal elementary 
abelian p-subgroup of E, then A e J^^'^-rad if and only if Wg{A) = Ng{A)/Gg{A) = 
Outj-g(H) > 5L2(Fp) by |l2l Lemma 4.1], Let Wg{,E) = Ng{E)/EGg{E) = Out^^{E). 

Theorem 4.3 ( [T^ Theorem 4.3].|15[ Theorem 3.1]). Let G have the Sylow p-subgroup 
E, then 

H'(G) = //•(£)[(?] = n 

Moreover, if M is an Ap{E, E)-submodule of H*{E), then 

M[G] = n 

Proof. The hrst part follows from Alperin’s fusion theorem (|31 Theorem A. 10]). Let 
M be an Ap(i?, T^)-submodule of H*{E). Since [G][G] G Fp[G], it follows that M[G] = 
M n H*{E)[G]. Hence the result follows from the hrst part. □ 

Let Xi^q be the indecomposable summand in the stable splitting oi BE which cor¬ 
responds to the simple Ap{E, E)-module S{E,E,S^ (g) det*^). For 0 < g < p — 2, let 
L(2, q) (resp. L(l, q)) be the summand which corresponds to the simple Ap{E, i?)-module 
S{E, A, S(A)P-^ 0 det-?) (resp. S(E, Gp, Uq)). We set M(2) = L(l, 0) V L(2, 0). 

Suppose that the stable splitting of HG is written as 

BG ~ iyi^qn{G)i^qXi^q) V (V,m(G, 2)qL{2, q)) V (Vgm(G, l)qL{l, q)). 

Recall that 

fs(B,G,£;.) (!<?<?-2) 

’ \.S(E,C„U„) (« = p-l) 

by Theorem 12.31 Hence, 


Lemma 4.4 ([T51 Corollary 4.6]). 


m{G, 1) 



The multiplicity m{G, 1)^ for L(l, q) is given by 

dim H‘^^{G) (1 < g < P — 2) 

dimi 72 (P-i)(G') (g = 0). 


The multiplicity n(G)iq of Xiq depends only on WciE) = Ng(E)/EGg(E). For El < 
GL2(Fp) and GL2(Fp)-submodule M of H*{E), let 

= {m G M I mh = m for any h G Ff} 

denotes the subspace consists of FT-invariant elements. Then we have the following lemma. 
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Lemma 4.5 ([151 Lemma 4.7]). The multiplicity n{G)i^q of Xi^g in BG is given by 


n{G)i^g = 


Next problem is to seek the multiplicity m{G, 2)q for the summand L{2, q) in BG. We 
can prove, 

Lemma 4.6 ([151 Proposition 4.9]). The multiplicity of L{2,0) in BG is given by 



abelian p-subgroups in E (resp. subgroups in EQ-rad). 

Lemma 4.7 ([151 Corollary 4.10]). The multiplicity o/L(l,0) in BG is given by 


(G, l)o = dunH^^P-^\G) = y{A) - 


m 


Remark 4.8. By Lemma [4.61 and [4.71 m{G, l)o = 'in(G, 2)o, namely, L(1,0) and L(2,0) 
always appear in BG as M{2) = L{1, 0) V L(2, 0). On the other hand, in Corollary 12.41 all 
simple modules except for S{E, A, S^~^) appear in H‘^^{E) for n < — 1. Note that the 

minimal n such that S{E, E, S^~^) appears in H‘^^{E) is — 1 = | deg(17S'^“^). Hence 
we may replace the bound (p + 2)(p — 1) by p^ — 1 in Corollary 14.21 (1). 

For the number m{G, 2)q for g 7^ 0, it seems that there is not a good way to hnd it. 
However we give some condition such that m{G,2)q = 0. 

Lemma 4.9 ([151 Lemma 4.11]). Let f ^ be a primitive (p — l)-th root of 1. Suppose 
that G D E: {diag(.^,.^)). 7/^^*' 7^ 1, then BG does not contain the summand L{2,k), 
i.e., m{G, 2)^ = 0. 

Let f be the multiplicative generator of F* as above. Let 



Let 


T = (diag(^,0,diag(^, 1)) 


be a torus in GL2(Fp). Then w normalizes T. Let T{w) be the semidirect product of T 
by (w) 


Lemma 4.10. Assume that l</<p — 1, 0<fc<p — 2. Then 


f WpVlylvP ^ * {I = 2i, k = p — 1 — i, 1 < i < ^) 
(/=p-i, fc = o) 


¥py{yivP ^ * 
Fppf ^ © Fppf ^ 


{I = 2i, k = p — 1 — i, I < i < 
(/ = p — 1 , k = 0) 

{otherwise) 


0 


and 



Fp(i/r' + yV) 


0 


(/ = 4j, k = p-l- 2j, 1 < j < ^) 
(/ = p — 1, 7 = 0) 

{otherwise). 
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Proof. We consider the action of diag(.^, 1) and diag(l,.^). For 0 < i < /, we have 

diag(e, 

diag(l,Ol/il/^*t^" = 

Hence y\ylff^v^ is T-invariant if and only ifi + A; = / — i + /c = 0 mod p — 1, namely, I = 2i 
mod p — 1 and i + k = 0 mod p — 1. If /c = 0, then i = 0,p — 1, / = p — 1. If /c > 0, then 
i = p — 1 — k, I = 2i. Since 1 < / < p — 1, it follows that i < 

Next consider the action of w. Since w interchanges pi and p2, wv = —v, is 

tc-invariant if and only if i is even. □ 

Now assnme that p — 1 = 3m. Note that m is even. We set 

H = (diag(^,0,diag(^^l)). 

Then w normalizes H. Let H{w) be the semidirect prodnct of H by (w). 

Lemma 4.11. Assume that p — 1 = 3m. Let m = 2n. Assume that 1 < / < p — 1, 
0 < /c < p — 2. Then is equal to the following vector space. 

y'rvT,yTvl^,y^"} {i = p-i, k = o) 

¥p{yl~^y 2 ~^"'v^'^~'^, yl~^^y 2 ~"'v^'^~'^} (/ = 2i, k = 3n — i, n <i < 3n) 

< ¥p{y\y 2 V^"^~^} {I = 2i, k = {p — 1) — i, 1 < i < m) 

¥p{yi-^yi 2 ^^v^^-\ y\yi 2 V^^-\ {l = 2i, k = {p-l)-i, m<i< 3n) 

^0 (otherwise). 


Proof. We consider the action of diag(.^, .^) and diag(.^^, 1) on pjp2 for 0 < j < 1. Since 

diag(^, 

and 

diag(^^ l)yly2~^v^ = 
y{yl^^v^ is iL-invariant if and only if 

/ + 2A; = 0 mod p — 1 
j + k = t) mod m. 

Note that the condition / + 2/c = 0 mod p — 1 implies that I is even, so we set I = 2i, 
1 < i < 3n. Then y{y2f^v^ G (S^v^)^ if and only if 

i + k = t) mod 3n 

j + k = t) mod m. 

< 

Since 0<k<p — 2, k = —i mod 3n if and only if 

k = 3n — i OT (p — 1) — i. 

First, assume k = 3n — i. Then j = —k = i — 3n mod m if and only if j = i + sn for 
some integer s G Z such that s = 1 mod 2. Then 

0 < j < I = 2i 0 < i + sn < 2i 

—i<sn<i 
i 


s < 


n 
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If 1 < i < n, namely, ^ < 1, then there is no s G Z such that |s| < ^ with s = 1 mod 2. 

Assume that n < i < 3n. If i = 3n, namely, I = p — 1 and k = 0, then, since ^ = 3, 
kl < if and only if s = —3, —1,1, 3. Then 

j = i + sn = {3 + s)n = 0, m, 2m, 3m. 

\{ n < i < 3n, namely, 1 < ^ < 3, then |s| < if and only if s = —1,1 since s = 1 
mod 2. So we have 

j = i + sn = i±n. 

Next we consider the case k = {p — 1) — i. Then, 

j = —k = i — {p — 1) mod m 
if and only if j = i + sm for some s G Z. Then, 


0 < J = * + sm < I = 2i —i < sm < i 

I I < i 

~ m 

If 1 < i < m, then this implies s = 0 and j = i. If m < i < 3n, namely, 1 < ^ < | < 2, 
then this implies s = 0, ±1. Hence we have j = i,i ± m. This completes the proof. □ 


Lemma 4.12. Assume that p — 1 = 3m. Let m = 2n. Assume that 1 < / < p — 1 
0 < k < p — 2. Then is equal to the following vector space. 


+ yt\yl^yT + yTyl^} 

^p{{y\-^yi^^-y\^^yi-nv^^-^] 

0 


(/ = p — 1, k = ff) 

{I = 2i, k = 3n — i, n < i < 3n) 

{I = 2i, k = ij) — 1) — i, 1 < f < m,i:even) 

{I = 2i, k = {p — 1) — i, m < i < 3n,i:even 

if = 2i, k = {p — 1) — i, m <i < 3n,i:odd) 

(otherwise). 


Proof. Since w interchanges pi and p2, vw = (dettc)n = —v, this lemma follows from the 
previous lemma. □ 


Let p — 1 = 3m. We consider the multiplicity m(G, 2)m and m(G, 2)2m in some cases. 
Recall that (GS'^ + = S(E, A, ® det"^) for 1 < g < p — 2 by O Corollary 

9.3]. This module has a basis 

{y\yi)v‘^, (* = 0, g < i < P - 1 + g, j = P - 1 + g - i). 

Note that 

y\yL (^ = 0, p<i<p-l + g, j=p-l + g-i) 
is a basis of GS'^. On the other hand, 

y\yi, (q<i<p-fj=p-f + q-i) 

is a basis of T'^. Moreover, if g = m or g = 2m, then all elements in (GS'^ + T^)v‘^ are 
diag(^, ^)-invariant since 

Aie.iiUMiAr') = = iAviv"). 
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Lemma 4.13. Let M = 

(1) has a basis 


yl^yl^v^. 


(2) has a basis 


yt^v^, yf^yTv^, yl^yl^v^, yTyl^v^. vtv^- 


(3) has a basis 


yl^yl^v^. 


(4) has a basis 

(i/r + vtnv^ = C{yT + y2)v^. yf^yl^v^- 


Proof. Since 

di^g{^,i){ylyivn = e^^{y\yivn 

and 

diag(e^ lMviv"‘) = e-*''‘\v\-lAv"') = e(.v\vp‘), 
yly^v'^ is T-invariant if and only if i + m = 0 mod p—1. Moreover, yly^v^ is if-invariant 
i = 0 mod m. 

(1) Since i = 0 orm<i<p — l + m = 4m, i + m = 0 mod p — 1 if and only if i = 2m. 

(2) Since z = 0orm<i<p— l + m = 4m, z = 0 mod m if and only if z = 
0, m, 2m, 3m, 4m. 

(3) (4) Since m is even, w acts on n™ trivially. On the other hand w interchanges z/i and 

z/2. Hence the results follows from (1) and (2). □ 

Similarly, we have the following. 


Lemma 4.14. Let M = . 

(1) M'^ has a basis 

CyTyTv^^ = yt^yTv^^. 

(2) has a basis 

CvTvTv^"' = !/;”!/?«"”, yf'vTv'-^, vT'vTv'^, yl"‘ir. 

(3) has a basis 

CyTyTv^^ = yt^y^v^^- 

(4) has a basis 

(yl^ + yl^y-^ = ciyl^ + ymv^^. yl^yl^{yT + yTy". CyTyTv^^- 


If H G A{E) is a maximal elementary abelian p=subgroup of E, then 
H*{A) = ¥p[yA,UA\, degyA = degUA = 2. 

We may assume that 

resf,(z/i) = yAi, resJ(z/ 2 ) = iyAi for z e ¥p 

and 

resL(2/i) = = yA^- 

Moreover, 

resf (O) = z/^“\ resf (n) = < - 
for any A G A{E) (see [H section 4]). 
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Lemma 4.15. Let 1 < q < p — 2. Then 

((CS" + r’)«’)lG] = ((CS’ + n (n^^^...,ajkerresf) 

Proof. Let y = y a and u = ua ior A E A{E). Then 

res;^((C'^'? + T'')n'?) = Fp/-^+'? resf (n^) = Wpy^-^yu^ - y^uf. 
g E Ant (A) = GL 2 (Fp), then 

g{yvL - yPu) = {det g){yuP - y^u) 

and y^~^{yu^ — y^uY is not SL 2 (Fp)-invariant, hence the resnlt follows from Theorem 

im □ 

Proposition 4.16. Suppose that J^g^-rad = {Aq, Aqo}- Then m{G, 2)m = m{G, 2)2m and 
we have the following values: 


Wg{E) 

H H{w) T T{w) 

m{G,2)m = m{G,2)2m 

3 2 11 


Proof. Since 

resfo(i/i) ^ 0, resfJi/2) = 0 

and 

resf^(l/i) = 0, resf^(i/2) ^ 0, 

the resnlts follows from Lemma 14.131 Lemma 14.141 and 14.151 □ 

Next we stndy the stable splitting of BG for some G related to the linear gronp L^^p). 
There are 6 satnrated fusion systems related to L^^p) [121 P- 46, Table 1.1]. 


WciE) 

\EQ-ia.d\ 

Group 

p 

H 

1 + 1 

lYp) 

3| b-1) 

H{w) 

2 

Lab): 2 3 | (p - 1) 

T 

1 + 1 

Lab). 3 

3 b-1) 

T{w) 

2 

L3{p).S3 3 b-1) 

T 

1 + 1 

Lsip) 

3t(p-l) 

T(w) 

2 

Lab): 2 3 f b - 1) 


We determine the stable splittings of these 6 groups. Note that the these results, with 
the results in na, give a complete information on the splitting for fusion systems on E 
with iJ^'^'^-radl > 2 by the classihcation in |12j . 

Let 

A = Ao,o V 2Xp_i^o V (Vi<j<(p_i)/2X2i,p_i_i) V M(2) 

and 

X' = Ao,o V Xp-ifl V iyi<j<{p-i)/iXij^p-i-2j) V M{2). 

Theorem 4.17. Suppose that Wc{E) = T and EQ-iad = {Aq, Ago}- //3 \ p— 1 then BG 
is stably homotopic to X. If p — 1 = 3m, then BG is stably homotopic to X \J L{2,m) V 
L(2,2m). 
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Proof. By Lemma [4.41 and Lemma [4.101 L{l,q) {1 < q < p — 2) is not contained in BG. 
Since Ai [1 < i < p — 1) are T-conjugate, there are three conjngacy classes of maximal 
elementary abelian p-snbgronps and two of them consist of J^^^-radical snbgronps. From 
Lemma [4.61 and Lemma 14. 7[ just one L(2, 0) (and one L(l, 0)) is contained in BG. More¬ 
over if 3 does not divide p — 1, then L( 2 , q) is not contained in BG for each 1 < q < p — 2 
from Lemma 14.91 

Moreover, by Lemma 14.51 and Lemma 14.101 

{ 1 {I = 2i, k = p — 1 — i, 1 < i < 2 ^) 

2 (l = p-G k = 0) 

0 (otherwise). 

On the other hand, if p — 1 = 3m, then m{G, 2)m = m{G, 2)2m = 1 by Proposition 14.161 
This completes the proof. □ 

Theorem 4.18. Suppose that Wc{E) = T{w) and Bq-toA = {y4o,v4oo}. //3 f p — 1 
then BG is stably homotopic to X'. If p — 1 = 3m, then BG is stably homotopic to 
X' V L(2, m) V L(2, 2m). 

Proof. The proof is similar to that of previous Theorem. By Lemma 14.41 and Lemma 
14.101 L{l,q) (1 < g < p — 2) is not contained in BG. Since Ai {1 < i < p — 1) are 
T-conjugate, there are two conjngacy classes of maximal elementary abelian p-subgroups 
and one of them consists of T’^'^-radical subgroups. From Lemma WM and Lemma ITTl just 
one T(2,p — 1) (and one T(l,p — 1)) is contained in BG. Moreover if 3 does not divide 
p — 1, then T(2, q) is not contained in BG for each 1 < q < p — 2 from Lemma [4.91 
Moreover, by Lemma 14.51 and Lemma 14.101 

r 1 (/ = 4 j, fc=p -1 - 2j, 1 < j < H^) 

n{G)i^k =11 (/ = p - 1 , fc = 0 ) 

y 0 (otherwise). 

On the other hand, if p — 1 = 3m, then m(G, 2)m = m(G, 2)2m = 1 by Proposition 14.161 
This completes the proof. □ 

Next assume that p — 1 = 3m. Let m = 2n. 

Theorem 4.19. Suppose that Wg{E) = H and T^^-rad = {Ao,Aoo}. Then BG is stably 
homotopic to 

^0,0 N 4:Xp—i Q V 2(Vj^<j<3j^^2i,3n—i) V (i) 

V 3 (V^<,< 3 nX 2 i, 3 m-*) V 3(M(2) V T(2, m) V T(2, 2m)). 

Proof. By Lemma 14.41 and Lemma 14.111 m(G, 1)^ = 0 for 1 < g < p — 2. On the other 
hand, by Lemma [4.61 and Corollary 14.71 m(G, l)o = m{G, 2)q = 5 — 2 = 3. By Lemma 
14.91 m{G,2)k = 0ioTl<k<p — 2, m, 2m. By Proposition 14.161 m(G, 2)^ = 
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m{G,2)2m = 3. The multiplicity n{G)i^q is obtained by Lemma [4.111 By Lemma [4.111 


n{G)i^q 


'A (/ = p — 1, g = 0) 

2 (I = 2i, q = 3n — i,n < i < 3n) 

< 1 {I = 2i, q = {p — 1) — i, 1 < i <'m) 

3 {I = 2i, q = {p — 1) — i, m < i < 3n) 

^0 (otherwise). 


□ 


Theorem 4.20. Suppose that Wg{E) = H{w) and J^Q-rad = {Ao,Aoo}- Then BG is 
stably homotopic to 

^0,0 ‘^^p—1,0 n<i<3n^2i,3n—i) V (S^l<j<3n/2^4:j,3m—2j^ V rn<i<3n^2i,(p—l)—i^ 

V2(M(2) V L{2, m) V L(2, 2m)). 


Proof. By Lemma 14.41 and Lemma 14.121 m{G, l)q = 0 for 1 < g < p — 2. By Lemma 
14.61 and Corollary 14.71 m(G', l)o = m(G', 2)o = 3 — 1 = 2. By Lemma SSI 'm{G,2)k = 0 
ioT 1 < k < p — 2, k ^ m, 2m. By Proposition 14.161 m(G', 2)^ = m(G, 2)2m = 2. The 
multiplicity n{G)i^q is obtained by Lemma [4.121 By Lemma [4.121 




'2 (/=p-l,g = 0) 

1 {I = 2i,q = 3n — i,n < i < 3n) 

1 (Z = 2i, g = (p — 1) — h 1 < * < in, i'- even) 

2 if = 2i, q = {p — 1) — i,m < i < 3n, i: even) 

1 f = 2i, q = {p — 1) — i, m < i < 3n, i: odd) 

0 (otherwise). 


Moreover, consider the 3rd, 4th and 5th cases. We have 


(ftl<i<m,i:even-^2i,{p—l)—i) V 2(Vm<j<3jj j,even^2i,(p—1)—i) V (\/m<i<3n,i-,odd-^2i,{p—l)—i) 

(Vl<i<3n,i:even^2i,(p—1)—i) V ('^m<i<3n(-^2i,{p—l)—i) 

('^i<j<3n/2-^4:j,{p—l)—2j') V (\/m<i<3n-^2i,{p—l)—if 

This completes the proof. □ 


Next we consider the specihc case, that is, p = 7. We give a result which supplements 
the result on splitting for p = 7 in [15] . 

Example 4.21. Let p = 7, p — 1 = 6, m = 2, n = 1. Suppose that J^Q-rad = {Aq, ^oo}- 

(1) IfWG(E)=T, then 

BG ~ Xo,o V X2,5 V 7^4,4 V 2X6,0 V X6,3 V M(2) V L(2, 2) V L(2,4). 

(2) IfWGiE) = T{w), then 

BG ~ Xo,o V X4,4 V X6,o V M(2) V L(2, 2) V L(2, 4). 

(3) IfWGiE) = H, then 

BG ~ Xo,o V 2X2,2 V X2,5 V 2X4,4 V 3X4,4 V 4X5,0 N 3X5,3 
V3(M(2) VL(2,2) VL(2,4)). 
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(4) IfWciE) = H{w), then 

BG ~ ^0,0 V X 2^2 V ^ 4,1 V 2X4^4 V 2X5^0 V Xg^a 


V2(M(2) VL(2,2) VL(2,4)). 

Let Gi and G 2 be finite groups with Sylow p-subgroup E. If Xgi is (isomorphic to) a 
subfusion system of Xgj, then BGi ~ BG 2 V X for some summand X of BGi. In this 
case, we write 

G 2 Gi 

We use same notation for fusion systems. 

In [15], the second author considered the graphs related to the splitting of sporadic 
simple groups and some exotic fusion system for p = 7 and obtained the following. 

Theorem 4.22 f [T51 Theorem 9.4]). Let p = 7. We have the following two sequences: 


^0,0 V X4^4 


RV. 4 


Y2,2VX6 ,o 


RVo i 


Ar(2)VL(2,2)VL(2,4) 


O'N : 2 ^ 


X 44 VA4^4VA6,oVY6,3 


O'N 


^0,0 V X4 4 V X 


4,4 


‘-6,0 


RVi i 


M{2) 


EioA i 


Y2,2VX6,oVX6,3 


Et' 2 A t 


M(2)VL(2,2)VL(2,4) 


He : 2 


X 0VY3 3VA5 2VX5 5VL(1,3)VL(2,3) 

•(- He. 

where RVi, RV 2 , RV 3 are the exotic fusion systems of Ruiz and Viruel [T^ . 

Now we add more information on the splittings for p = 7. 

Theorem 4.23. Let p = 7. We have the following diagram: 


BV, 


Y' 


YVZVM{2)VL 


YVZVM(2)VL 


L3{7).3 

2{YVZVM{2)WL) 


O'N L3(7) : 2 ^3(7) 


yvZVM(2)VL 


YVZVM{2)V2L 


yvy'V2ZV2M(2)V3L 


M(2) 

RVi X- E124. 


Y 


EL 


24 


where 


y — -^2,2 V Xg^o V Xg^3, Y' — X2,5 V Xg^o V Xg^3, Z — X4^1 V X4^4 


L = L(2,2) VL(2,4). 
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Proof. We have the following table by [T^ Lemma 4.9, Lemma 4.16]. 

group Outjr{E) W“-rad Out^(74) 

(fusion system) 


is(7) 
i3(T):2 
i 3 ( 7):2 
O'N 
L3(T).3 
-^3(7).5'3 
-^*24 

Fi2i 

RVi 

where 


6x2 = {31, u) 

6x2 = {31, w) 

(6 X 2) : 2 = {3I,u,w) 
(6 X 2) : 2 = {3I,u,w) 
(6 X 2) : 2 = {3I,u,w) 
6^ = T 
6^ : 2 = T('«;) 

6 X S's = (3/, s, ta) 

6^ : 2 = T(u;) 

6^ : 2 = T{w) 


{^oll^doo} 

{^0) ^oo} 

{^1, 

{Aq, Aoo}{Ai, Aq} 
{^oll^doo} 

{^0) Aoo] 

{Ai, A2, A4}{A3, A^, Aq} 
{Ai, . . . , Aq} 

{^0) 24oo}{^1, • • • , Aq} 


SL2(7) : 2 
SL2(7) : 2 
SL2(7) : 2 
SL2(7) : 2 
SL2(7) : 2 
GL2(7) 

GL2(7) 

SL2(7) : 2 
SL2(7) : 2 
GL2(7), SL2(7) : 2 



-1 0 

0 1 




and T = {diag(a,/3) | a,/9 G F^} is the subgroup of all invertible diagonal matrices. 
The set W^'^-rad is separated by conjugacy classes and Outj-(y4) is described for each 
representative A of conjugacy classes in W^'^-rad if they are different. Note that if we 
take the generators a and b of E suitably, we can obtained the two rows in the case of 
L3(7) and : 2. For example, consider G = Let E be the group of all upper 

triangular matrices with diagonal entry 1. The subgroups in W^^-rad are 


If we take 


then Wg^-rad 


1 a (3 

0 1 0 

0 0 1 



’l 

1 

o' 


'l 

0 

o' 

a = 

0 

1 

0 

, h = 

0 

1 

1 


0 

0 

1 


0 

0 

1 


{Ao,Aoo} and Outjr^{E) = {31, u) = H. On the other hand, if we take 




'1 

1 

o' 


'1 

1 

0 ' 

a = 

0 

1 

1 

, b = 

0 

1 

-1 


0 

0 

1 


0 

0 

1 


then EQ-Tud = {Ai,Aq} and Outj-Q(F) = {31, w). 

The inclusions of fusion systems are obtained by the table above. For Fz24 — -^3(7) 
and Fz 24 <— -^3(7) : 2, we use the second rows of and : 2. The information 

on the summands are obtained by Example 14.211 and Theorem 14.221 □ 


Remark 4.24. As we can see from Theorem 14.221 or 14.231 above, B{Ei 24 ) is a stable 
summand of B{0'N), B{0'N) ~ B{Ei 2 i) y Y y Z y L, but the fusion system of O'N is 
not isomorphic to a subfusion system of fusion system of Ei 24 , namely. 


Fi24 


YVZVL 

< - 


O'N 


does not hold. 
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Let = J^o'N, = ^Fi 24 - By [IH Lemma 4.3], for each Ai G J^g'^-rad, there exists 
an element of order 6 in Outj-(,(L^) < GL2(Fp) which has an eigenvalne 3 with eigenvector 

" ^ if i = cxo) and determinant 5. Hence there exists an involntion in Ont^p(i?) 


which has an eigenvalne 


-1 with eigenvector 
^2 


if i = cxo) and determinant —1. 


We may assnme that Ontj-^(i?) = 6^ : 2 = T{w) and J^f'^-rad = as 

above. Suppose that K = Outj-p(ii^)(= (6 x 2) : 2) < Outjr^(L^). Then K contains 
exactly 4 involutions with determinant — 1 . Moreover K D (diag(— 1 , 1 ), diag(l, — 1 )) 
since (diag(—1, 1 ), diag(l, —1))<(6^ : 2). Note that |J^o'^-rad| =4. Since diag(—l, 1 ) (resp. 

'lA , /o' 


diag(l, —1)) has an eigenvalue —1 with eigenvector 


(resp. 


and determinant 


— 1, it follows that Aq^A^^ G J^g'^-rad for any choice of iL < 6^ : 2 = T{w). Hence J^o is 
not isomorphic to a subfusion system of J^i. 


5. Some remarks on the case p = 3 
Recall that = Fp{ai,a 2 }. The short exact sequence 

0 —^¥p —^0 

induces the following short exact sequence 

(5.1) 0 —^ H^{E, Z) ^ H^{E, Fp) ^ H^{E, Z) —^ 0. 

Hence there exist elements a[,a 2 G H‘^{E,¥p) such that /3(a') = Oj and 

H^{E, Fp) = ¥p{yi, 1 / 2 , a), 03 }. 

We consider the action of Out(i?) = GL 2 (Fp). The sequence (5.1) is a sequence of 
Fp GL 2 (Fp)-modules and the map Qi/3 induces an isomorphism of Fp GL 2 (Fp)-modules, 

H\E, ¥p)/H\E, Z) —^ H^{E, Z) —^ ¥p{yiv, y 2 v} = ® det. 

Now, consider the sequence 

H^P{E,Z) H^P{E,¥p) H^P+\E,Z) 

H^P+^{E,Z) H‘^P+\E,¥p). 

By taking the p-th power, we have an Fp GL 2 (Fp)-morphism, 

H\E,¥p)^H^P{E,¥p). 

Since [3 = j^f3 is the Bockstein homomorphism, we have l3{{a'j)P) = 0. Moreover, since 
j* : E[‘^P^^{E,Z) —)■ H‘^P^^{E,¥p) is injective, /3{{a'j)P) = 0. Hence, it follows that 

{a'^PeUH^P{E,Z)) = H^P{E). 

On the other hand , since 

H^P{E) = CS^ + T^ + ¥p{v} {SP-^ ® det) © det, 

we see that if p > 3 then (a')^ = 0. Since H^'"^"‘{E,¥p) is generated by 1 , 0 )^, as a 
module over Fp © Z), it follows that 

H^^^^{E,¥p)/^ = (Fp © H^^^^{E,Z))/^ 
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and in particular, 

H*{E,¥p)/^) = H*{E,Z))/^) = H*{E) 

for p > 3. 

On the other hand, if p = 3, then the sequence (5.1) does not split and Fslpi, 7 / 2 } is the 
unique nontrivial F 3 GL 2 (F 3 )-subniodule of H‘^{E,¥ 3 ) (cf. [9l p.74]). This implies that 
y 0 for any n > 0 and in particular, we see that a' is not nilpotent. 

In fact, the structure of El*{E^¥yj is known by the result of Leary [9], Theorem 
7] and we have the following: 


Proposition 5.1. Assume that p = 3. Then H*{E,¥s)/\/0 is generated by 


Vi, 1/2, a'l, 4, 


with 


deg Pi = deg a' = 2 , degn = 6 
subject to the following relations: 

yly2 -yiyl = d 

a'ia'2 = = «2//2 = 1/12/2, {a[y = (4)^ = a\y2 = a^yi- 


Since H'^{E, ¥ 3 )/(H^{E, F 3 )n\/ 0 ) is spanned by yf, 1 / 11 / 2 , 2 / 2 , ^ind dimpg H‘^{E) = 4, 

H\E, ¥y/{H\E, F 3 ) n ^/0) = H\E). 

In particular, (a')^ G H^{E) and hence we have 

H*{E,¥y/V0 = H*{E) © FsHiFga'i + F3a'}. 

Since H‘^{E,¥ 3 )/H‘^{E) = ^ det as F GL 2 (F 3 )-modules, 

{H*{E, ¥ 3 )/Vo)/H*{E) = F 3 H © {S^ © det) 

as F 3 GL 2 (F 3 )-modules. If Q is a proper subgroup of E, then H*[Q,¥y)/y/d = H*{Q). 
Hence 

{H*{Ejyiy/d)AyQ,E)AyE,Q) c F3)/^/0)H3(i7, Q) 

= H*iQ)AsiE,Q)cH*{E). 

In particular, {H*{E,¥s)/y/0)/H*{E) is annihilated hy A 3 {Q,E)A 3 {E,Q) for any g < E. 
Hence, every composition factors of {H*{E^¥■f)/y/d)/H*{E) as an H 3 (i 7 , i7)-module is 
isomorphic to S{E, E, © def^) for some i, q and we have the following: 


Proposition 5.2. 


( S{E, E, © det) (n = 2 mod 12) 

{H'^{E, ¥ 3 )/Vo)/H^{E) = I S{E, E, (n = 8 mod 12) 

I 0 (otherwise). 


Corollary 5.3. Let Xq^ be the summand which corresponding to the simple module 
S{E, E,¥p) and e be the corresponding idempotent in Ap(E,E). Then 

(H*(E,¥ 3 )/y/ 0 )e ^ H*(E)e ^ DA+. 
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At last of this paper, we see more closely the cohomology H*{X) of a summand X in 
the stable splitting of BG with E G Syl 3 (G) in the case p = 3. The lowest degree and 
some of the second lowest degree * > 0 with H'^*{X) ^ 0 are given as follows: 


L(l,l) : 

15^1 = 1 

L(1,0) 

|2/^I=2, 

L(2,l) : 

= 6 

L(2,0) 

\S^D2\ = 10, 

^0,0 : 

|I/|=6 

Xo,l 

|w| = 3 (|Gn| = 5) 

Xi,o : 

|5W| = 7, 

^ 1,1 

T^l = 3 {\Sh\ =4) 

^2,0 : 

|52l/| = 8 

^2,1 

^ 2^1 = 5 


where |x| = ^degx for an element or a subspace of H*{E). First note that BG always 
contains Xq^. The lowest degree of nonzero elements in j)) or H^*{Xi^q), {i, q) ^ 

(0,0) are all different except for and Xi i. On the other hand we see Tr^(Xo_i) = 0 
but Tr^(Xi_i) = F 3 . Moreover L(1,0) and L(2,0) have same multiplicity by Lemma [4.61 
and I4T1 Hence we can count the numbers of 

L(l, 1), M(2) = L(l, 0) V L(2, 0), Xi^i, Xq^, X 24 , T(2,1), Xi^O) ^ 2,0 

from H^*{G) for * = 1,2,4, 3, 5, 6 , 7, 8 . Thus we have the following result which is similar 
to Corollary l4.2H li (See Remark IT75|) . 

Theorem 5.4. Let Gi and G2 be finite groups with same Sylow 3 -subgroup E. If 

dimi/2”(Gi) = dim 772 ^( 02 ) 

for n < 8 , then BGi ~ BG2- 

For example, let Gi = ^^ 4 ( 2 )^ and G 2 = ^ 4 - Then by [151 Theorem 6.2], 

R(2F4(2)') -5-^4 VX2,0. 

Hence H^^{'^E4{2y) = forn < 8 and dimH^%^E4{2)') > dim See HSl 

section 6 ] for details. 

Remark 5.5. If G has a Sylow 3-subgroup 7?, then BG is homotopic to the classifying 
space of one of the groups listed in [151 Theorem 6.2]. Moreover the cohomology of each 
dominant summand Xjj of BE, expect for Xi 0 and Xi 1 , is deduced from the cohomology 
of those hnite groups. 

On the other hand, as we can see from the graph in [T51 Theorem 6.2], Xi o and Xi 1 
always appear as Xi 0 V Xi 4 . We shall give an brief explanation of this fact. Let 

77 = Wg{E) = Ng{E)/EGg{E) < Out{E) = GL2(F3). 

Note that 77 is a 3'-group, in fact, 2-group. The multiplicity of Xij in the stable splitting 
of 77G is equal to dim(S'^ ® det-^)'^. We have to show that 

dim(^^)^ = dim(5^ ® det)^. 

We may assume that 77 7 ^ 1. Then dim(S'^)^ = 1 if and only if 77 is conjugate to the 
subgroup (diag(l, —1)) in GL 2 (F 3 ). Similarly dim(S'^ 0 det)^ = 1 if and only if 77 is 
conjugate to the subgroup (diag(l, —1)) in GL 2 (F 3 ). Hence we have 

dim{SY = dim{S^ O det)^ 

and this implies that Xi 0 and Xi 1 appear in BG with same multiplicity. 
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